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Uniform Convergence of Cosine Series With Coefficient9from 
New Class ofiGeneral Monotone 
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Abstract. General monotone sequences class (GMS) has been introduced by Tikhonov. Then 
Bogdan Szal extended this class to the new class called new class of general monotone.  By 
using non-negative sequence is called 𝛽 to controle the difference of sine series coefficient. 
By substituting 𝛽 of modulus of sine series coefficient, we study uniform convergence of 
new class of general monotone on cosine series. 
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1. Introduction 
Chaundy and Jollife [6] have been discussed about the classic theorem, the necessary and 
sufficient  condition  of  uniform convergence of 
∑ 𝑎𝑛
∞
𝑛=1
sin 𝑛𝑥                                                                (1) 
is lim
𝑛→∞
𝑛𝑎𝑛 = 0, if  𝑎 = {𝑎𝑖} is decreasing monotone and tending to zero. Tikhonov extended 
decreasing monotone (1) to General Monotone (GM) by Tikhonov [5]. 
Definition 1.1. Let  𝑎 = {𝑎𝑖} be a complex sequence and let 𝛽 = {𝛽𝑖} be a non-negative real 
sequence, i.e. 𝛽𝑖 ≥ 0 for each i ∈ ℕ. The ordered pair (𝑎, 𝛽) is in 𝛽 general monotone, if there 
exists positive  constant 𝐶 and the following inequality stands for every 𝑛 ∈ ℕ 
∑ |𝑎𝑘 − 𝑎𝑘+1|
2𝑛−1
𝑘=𝑛
≤  𝐶𝛽𝑛 
Bogdan Szal [1] extended class of general monotone called class (𝛽, 𝑟) general monotone. 
Definition 1.2.  If  𝑎 = {𝑎𝑖}  complex sequence   numbers and 𝛽 = {𝛽𝑖}, 𝛽𝑖 ≥ 0  for each i ∈ ℕ. 
An ordered pair (𝑎, 𝛽)  is element in the class of ordered pair (𝛽, 𝑟)  of general monotone 
(𝐺𝑀(𝛽, 𝑟)), if we can find some positive constant 𝐶 and the inequality 
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∑ |𝑎𝑘 − 𝑎𝑘+𝑟|
2𝑛−1
𝑘=𝑛
≤  𝐶𝛽𝑛 
holds for each 𝑛 ∈ ℕ and 𝑟 ∈ ℕ. 
 
For  
𝛽∗ = 𝛽∗(𝑟) = ∑ |𝑎𝑘|
𝑛+𝑟−1
𝑘=𝑛
+ ∑
|𝑎𝑘|
𝑘
[𝑐𝑛]
𝑘=[
𝑛
𝑐
]
, 
and some 𝑐 > 1  and it can be obtained some result at follows 
Theorem 1.3.  Let 𝑎 = {𝑎𝑖}, 𝑎𝑖 ≥ 0 for each 𝑖 ∈ ℕ and  (𝑎, 𝛽
∗) ∈ 𝐺𝑀(𝛽∗, 𝑟 ), where  𝑟 is natural 
numbers. If 𝑟 ≥ 1 and the sine series in point (1) is convergent uniformly to continuous function, 
then lim
𝑛→∞
𝑛𝑎𝑛 = 0. 
Theorem 1.4.  Let 𝑎 = {𝑎𝑖}, 𝑎𝑖 ≥ 0 for each 𝑖 ∈ ℕ and  (𝑎, 𝛽
∗) ∈ 𝐺𝑀(𝛽∗, 𝑟 ), 𝑟 ∈ ℕ.  If  𝑟 = 2 
and lim
𝑛→∞
𝑛|𝑎𝑛| = 0, then the sine series in point (1) converges uniformly.   
Throught this paper, by using a new class of the general monotone [1] and let 𝛽𝑛 = 𝑎𝑛 ≥ 0, we 
discuss uniform convergence of this new class on cosine series like as [2], [3], [4]. 
2. Materials and Methods 
This research is worked by study of literature and supporting paper from journals to get an 
understanding, then get results related to the research that published in the scientific journal. The 
results of this research are communicated in a journal. In summary the method of the research is 
discussing uniform convergence with coefficient belonging to the new class of the general 
monotone.  
3. Results and Discussion 
Inathisbsection, we will discusscsome modification of new class generaldmonotone by taking a 
non-negative real sequence for controlling the sum of difference sine series coefficient. Let the 
series 
𝑓(𝑥) = ∑ 𝑎𝑘 cos 𝑘𝑥
∞
𝑘=1                                                          (3.1)               
where 𝑎 = {𝑎𝑘}  is a real sequence that tends to zero, i.e., 𝑎𝑘 → 0 as 𝑘 → ∞. We define  sums 
of series f(x) where the point of the series converges. 
Definition 3.1.  A non-negative real sequence 𝑎 = {𝑎𝑖} is called element of class of 𝐺𝑀(ℝ
+, 2) 
if we can find positive constant C, i.e. 𝐶 > 0 and the relation   
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∑ |𝑎𝑘 − 𝑎𝑘+2|
2𝑛−1
𝑘=𝑛
≤  𝐶𝒂𝒏 
holds for each 𝑛 ∈ ℕ.  
Lemma 3.2.  If  𝒂 ∈ 𝐺𝑀(ℝ+, 2)  and {𝑛𝑎𝑛} converges to 0, then 
lim
𝑛→∞
𝑛 ∑|𝑎𝑣 − 𝑎𝑣+2|
∞
𝑣=𝑛
= 0 
Proof. Let  𝑑𝑛 = sup
𝑣≥𝑛
(𝑣𝑎𝑣), then 𝑑𝑛 decreasing monotone and lim
𝑛→∞
𝑑𝑛 = lim
𝑛→∞
𝑚𝑎𝑚 = 0. For   
𝑎 ∈ 𝑀(ℝ+, 2),  we have   
𝑛 ∑|𝑎𝑣 − 𝑎𝑣+2|
∞
𝑣=𝑛
= 𝑛 ∑ ∑ |𝑎𝑣 − 𝑎𝑣+2|
2𝑠+1𝑛−1
𝑣=2𝑠𝑛
∞
𝑠=0
 
≤ ∑ 2𝑠𝑛
𝑎2𝑠𝑛
2𝑠
∞
𝑠=0
≤ ∑
𝑛𝑎𝑛
2𝑠
∞
𝑠=0
= 2𝐶′𝑛𝑎𝑛. 
 
Thus 
lim
𝑛→∞
𝑛 ∑|𝑎𝑣 − 𝑎𝑣+2|
∞
𝑣=𝑛
= 0. ∎ 
Theorem 3.3.  Let 𝑎 ∈ 𝐺𝑀(ℝ+, 2)  and lim
𝑛→∞
𝑛𝑎𝑛 = 0, if  ∑ 𝑎𝑘
∞
𝑘=1  converges then cosine series 
(1) converges uniformly on closed interval [0, 𝜋]. 
Proof.  Since ∑ 𝑎𝑘
∞
𝑘=1  converges and {𝑎𝑘}  is a null and non negative sequence, then 
lim
𝑛→0
∑ 𝑎𝑘
∞
𝑘=𝑛
= 0.                                                                           (3.2) 
Let us calculate  𝑓(𝑥) − 𝑆𝑚(𝑓, 𝑥), where 
𝑆𝑚(𝑔, 𝑥) = ∑ 𝑎𝑗
𝑚
𝑗=1
cos 𝑗𝑥 
 we get     
𝑓(𝑥) − 𝑆𝑚−1(𝑓, 𝑥) = ∑ 𝑎𝑗  cos 𝑗𝑥
∞
𝑘=𝑚
                                                                 (3.3) 
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        = ∑ ∆𝑎𝑘𝐷𝑘(𝑥) − 𝑎𝑚𝐷𝑚−1(𝑥)  = 𝐴 + 𝐵        
∞
𝑘=𝑚
                      
                                                       
where 𝐷𝑚(𝑥) = ∑ cos 𝑗𝑥
𝑚
𝑗=1 , 𝐴 = ∑ ∆𝑎𝑘𝐷𝑘(𝑥)
∞
𝑘=𝑚  and  𝐵 = −𝑎𝑚𝐷𝑚−1(𝑥). 
Let 𝑥 in interval (0, 𝜋], so we can find natural number 𝑀 satisfying 𝑥 ∈  (
𝜋
𝑀
,
𝜋
𝑀−1
]. Because of  
|∑ cos 𝑣𝑥
𝑚
𝑣=1
| = |
sin (𝑚 +
1
2
) 𝑥
2 sin 1
2
𝑥
| ≤
1
2sin 1
2
𝑥
≤
𝜋
2𝑥
,                                    (3.4) 
we have 
|𝐵| = |𝑎𝑚𝐷𝑚−1(𝑥)| ≤
𝜋
2𝑥
|𝑎𝑚| ≤
𝑀
2
|𝑎𝑚|. 
By (3.4) and 𝑎𝑖 nonnegative for each 𝑖 ∈ ℕ, we obtain 
|𝐴| = | ∑ ∆𝑎𝑘𝐷𝑘(𝑥)
∞
𝑘=𝑚
| ≤
𝜋
2𝑥
| ∑ ∆𝑎𝑠
∞
𝑠=𝑚
| ≤
𝑀
2
| ∑ ∆𝑎𝑠
∞
𝑠=𝑚
+ ∑ ∆𝑎𝑠
∞
𝑠=𝑚+1
| ≤
𝑀
2
∑ |𝑎𝑠 − 𝑎𝑠+2|
∞
𝑠=𝑚
 
By  proof of lemma 3.2 we have 
|𝐴| ≤ 𝑀𝐶𝑎𝑚 . 
Thus we  get 
𝐴 + 𝐵 ≤
𝑀
2
(𝑎𝑚 + 2𝐶𝑎𝑚)                                                             (3.5) 
For 𝑥 = 0 we have  
𝑓(𝑥) = ∑ 𝑎𝑘 cos 0
∞
𝑘=1
= ∑ 𝑎𝑘
∞
𝑘=1
< ∞, 
finally by (3.2) and (3.5), we get 
lim
𝑛→∞
𝑓(𝑥) − 𝑆𝑚(𝑓, 𝑥) = 0.  
Then the series in point (3.1)  converges uniformly on closed interval [0, 𝜋]. The proof is 
complete.  
4. Conclusion 
JournalIoflResearch inIMathematicsrTrends andtTechnology (JoRMTT)IVol. 01, No. 02, 2019 42 
In this paper we have concluded that, necessary and sufficient  condition  of  uniform convergence 
of cosine series with coefficient in new class of general monotone 𝐺𝑀(ℝ+, 2) is lim
𝑛→∞
𝑛𝑏𝑛 = 0. 
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